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Direct and iterative algorithms have been developed for solving a finite volume discretization of the three-
dimensional Euler equations in curvilinear coordinates. The Euler equations are discretized using numerical
derivatives of the numerical flux vector for the Jacobians. Two direct solvers are formulated, one of which has
a diagonal plane matrix structure with significantly lower memory requirements. The direct solvers are used as
a benchmark in measuring the convergence rate and robustness of more computationally efficient solvers which
include two factored approaches, a Newton-relaxation algorithm and a discretized Newton-relaxation algorithm,
which uses numerical Jacobians. A diagonal plane formulation for the Newton-relaxation algorithms has also been
developed that may have the potential for massive parallelization. It is demonstrated that the Newton-relaxation
approach can give convergence rates and robustness equal to that of a direct solver for three-dimensional problems.
As a demonstration of the robustness of both the Newton-relaxation algorithm and numerical Jacobians, quadratic
convergence to machine zero is demonstrated.

Introduction

U PWIND computational fluid dynamic (CFD) methods are pop-
ular because unlike centrally differenced schemes they do not

require the addition of artificial viscosity terms to achieve stability.
In addition, implicit upwind formulations are more advantageous
than implicit central difference formulations because they generally
result in linear systems which are more diagonally dominant. In
recent years a number of highly efficient relaxation methods have
emerged which take advantage of this fact.

Many of these formulations can be shown to be identical to a New-
ton's method for finding the solution to a set of nonlinear equations
except for approximations made in the Jacobian matrix. A num-
ber of researchers including Verikatakrishnan,1 Bailey and Beam,2
and Orkwis3 have studied Newton's method solvers. Although all
of these studies reported quadratic convergence, the direct solu-
tion type of approach that was used is impractical for large three-
dimensional problems due to storage requirements. However, these
studies have proved useful in determining the limiting performance
of algorithms in use today.

Another approach taken to applying Newton's method to CFD
problems has been through the use of relaxation methods to ob-
tain approximate solutions to the linear systems at each Newton
iteration. These Newton-relaxation methods offer the advantage
of having memory requirements comparable to current factored
methods and, thus, may be practical for large three-dimensional
problems. Whitfield4 has studied a Newton-relaxation method that
bears a close relationship to the current factorization approaches.
More recently, Taylor et al.5 have demonstrated this approach for
the two-dimensional, thin layer, laminar Navier-Stokes equations.
They used a Gauss-Seidel algorithm for the relaxation step of their
two-dimensional Newton's method solver which was shown to be
capable of quadratic convergence.
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The specific goal of this study is to evaluate the Newton-relaxation
approach as a means of accelerating convergence and increasing ro-
bustness. Unlike previous efforts, which were for two-dimensional
or axisymmetric problems, this study is for three-dimensional prob-
lems. An additional goal of this study is to demonstrate three-
dimensional quadratic convergence with numerical Jacobians and
to determine its practicality.

Numerical Formulation
The nondimensionalized Euler equations in curvilinear coordi-

nates, written in strong conservation form without body forces, are

(i)

where
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HereF = K, for Q = U,k = £; G = 1C for Q = V,k = q; and
H = JCforQ= W, k = £. The density of the fluid is p\ the velocity
components in the curvilinear coordinate directions £, 77, and f are
17, V, and W, respectively; e = [p/(y - 1)] + \p(u2 + v2 + w2) is
the energy per unit volume; and p is the pressure. The relationship
between e and p is the result of the perfect gas assumption where y
is the ratio of specific heats.

Discretizations of the Governing Equations
An implicit, finite volume, first-order time-accurate discretization

of Eq. (1) may be written as

(2)

where

= Qn+l - Qn
\.i,t i-\,}.t
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The i + \ denotes a cell interface, and the dependent variables are
assumed to be constant over each computational cell. For a first-
order numerical flux (denoted by a caret) of the form

Taylor's theorem can be used to linearize 8^Fn+l in time. Thus,
afH.M

(4)

where the [/?, r] component of a given flux Jacobian is calculated
numerically by using one-sided derivatives

(5)

where fp is the /?th component of the numerical flux vector and qr
is the rth component of the dependent variable vector associated
with the flux Jacobian. Also, er is the rth canonical vector and € is
a small number. The choice of epsilon will be discussed later. Note
that although four 5 x 5 flux Jacobian matrices are present in this
equation for each point in the grid, only two are actually calculated
and stored. By defining

dF" 8F"

the other two flux Jacobians can be written as

Following a similar linearization procedure for the terms
and 8^Hn+l, and introducing the difference operators

Equation (2) can be written as

= -(8sFn+8iGn+8fHn)- (6)
where / is the identity matrixand the (•) indicates that the V^ oper-
ator acts on the entire term (Anij,kAQ" . k ) , for example. To obtain
steady-state solutions to the Euler equations the discretizations just
developed will be used with time treated as an iteration parameter.

Numerical Flux
Equation (6) requires the evaluation of the flux vectors at the

cell faces. Two popular methods for calculating these fluxes are
the flux vector split scheme of Steger and Warming6 and an ap-
proximate Riemann solver due to Roe.7 Both of these schemes are
examples of upwind schemes in which physical information prop-
agation is introduced into the discretization of the governing equa-
tions. A second-order-accurate Steger and Warming numerical flux
can be obtained by extrapolating the dependent variables in a mono-
tonic upwind-centered scheme for conservation (MUSCL) fashion

before constructing the flux. Details of this approach are found in
Anderson et al.8 Second-order accuracy for the Roe scheme can be
obtained by using the higher order numerical flux due to Osher and
Chakravarthy.9

Direct Method
Equation (6) represents a linear system of equations that resulted

from the discretization and linearization in time of the unsteady
Euler equations. This system can be expressed in the general form

^- + 1^;' [AC"! = -[*"] (7)

where

Rlj,k ~

The notation convention is that C?j,* mdR"jk denote 5x1 subvec-
tors of the column vectors [Qn] and [Rn], respectively. Each equation
in the linear system given by Eq. (7) is of the form

(8)

where

The direct solution of Eq. (7), which can be written as

(9)

is computationally impractical for problems of current interest even
though it is not necessary to explicitly compute the inverse of the
Jacobian matrix. Approximations to Eq. (7) are normally solved
which are well within the capabilities of currently available su-
percomputers, although, in general, this usually results in a lower
convergence rate as compared to solving the direct problem at each
iteration. Therefore it is the goal to identify which approximate
methods, if any, give a convergence performance comparable to that
obtained from a direct solution of Eq. (7). For this reason, direct so-
lutions for small three-dimensional problems, however inefficient,
are desired as a means of comparison.

In the limit as AT -» oo Eq. (7) can be viewed as a Newton's
method for solving the nonlinear system of equations

8nG + ^H = 0 (10)

which results from the discretization of the steady Euler equations.
In terms of Eq. (6) this is more properly called a discretized Newton
method since the Jacobian matrix is a difference approximation to
the true analytical Jacobian matrix. The direct solution of Eq. (7)
with large time steps can be shown to give extremely fast conver-
gence under certain conditions. Dennis and Schnabel10 show that if
.[Rn] is continuously differentiable in a neighborhood of a solution
2*, and the Jacobian matrix is nonsingular at Q*, then the nondis-
cretized Newton's method can be expected to have convergence of
the form

fl+l en)
where c is a constant. This type of convergence is called quadratic
since the (n -h l)th error is proportional to the square of the nth
error. Once the computed solution becomes sufficiently close to a
solution g*, extremely rapid convergence is obtained. Ortega and
Rheinboldt11 show that for discretized Newton methods it is also
possible to obtain quadratic convergence provided the difference
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Fig. 1 System matrix structure for conventional direct solver. Fig. 2 System matrix structure for diagonal plane direct solver.

approximation to the Jacobian is computed in a certain way. Thus,
when the analytical Jacobian is impossible or too difficult to obtain
one can use a numerical approximation and still retain the quadratic
convergence. Ortega and Rheinboldt point out that it is necessary
that

_ /

3qr

and

lim en = 0 (13)

for quadratic convergence. If a fixed epsilon is maintained for all
time steps then, in general, the convergence rate will be only linear.

Conventional Direct Solver
The direct solution of Eq. (7) involves storing and performing

operations with the system matrix

(14)

which even for small grids can be extremely large. The struc-
ture of this matrix can have a big impact on the efficiency of the
solution procedure. A relatively simple form of the system ma-
trix results when the [Rn] vector is loaded up by incrementing
the i, 7, k indices in a cyclic fashion. The structure of the sys-
tem matrix resulting from this approach is shown in Fig. 1 for a
5 x 5 x 5 grid. Here thejiumerals 1,2, 3,4, 5, and 6 represent the
A", ~B", C", A",'IF, and C" terms in Eq. (8), respectively, and each
(•) represents a 5 x 5 sub-block composed of zeros. The points on the
planes (I,;, k), (ni + 1, 7, k), (i, 1, £), (1,117 + 1> £), OVy, 1), and

(/, j,nk+ 1) are phantom points at which the boundary conditions
are calculated explicitly. Tney are not included in [Rn].

As shown in Fig. 1 this banded structure may be blocked off into
a block tridiagonal system where the elements of these blocks are
themselves 5 x 5 blocks. The resulting linear system can then be
solved with a block lower-upper (LU) factorization along with block
forward and back substitution. The resulting direct solver will be
referred to as the conventional direct solver. Of course, the con-
ventional direct solver has a significant number of floating point
operations compared to more approximate methods. As noted be-
fore, the direct method solvers presented in this study are intended
for comparison purposes only.

Diagonal Plane Direct Solver
Alternate structures for the system matrix can be found which lead

to direct solvers that are more efficient than the conventional direct
solver. Another possible ordering is by planes on which the sum of
the three indices /, 7, k is held constant. This ordering is also used in
wave front or level scheduling methods which are described in Van
Der Vorst,12 and Saad and Shultz.13 The planes of this ordering will
be diagonal planes in the rectangular computational region and lead
to the system matrix shown in Fig. 2. This matrix was also blocked
so that the previously described block tridiagonal solution proce-
dure could still be used. Although the blocks are no longer constant
in size, they have dimensions that allow the necessary matrix-vector
and matrix-matrix multiplications. Although the coding of this di-
agonal plane solver was extremely complex due to the dynamically
changing block sizes as one progresses through the solution proce-
dure it has the advantage of requiring significantly less memory than
the conventional direct solver. Grid sizes of 49 x 9 x 9,10 x 10 x 10,
and 100 x 100 x 100 would require 5.36, 44.43, and 44.97% less
storage, respectively. It should be noted that the diagonal plane struc-
ture yields a memory savings because a block tridiagonal solution
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procedure was used. Had the system matrix shown in Fig. 2 been
treated as a banded system, no memory savings would have been ob-
tained. However, even with the lower memory requirements the di-
agonal plane direct solver is only usable for small three-dimensional
problems. A 49 x 9 x 9 grid only required less than 7 x 106 words of
memory on a the Eglin AFB Cray Y-MP 8/2128, but a 97 x 17 x 17
grid would require more memory than the 128 x 106 words of avail-
able in core memory.

Factored and Iterative Methods
In normal practice Eq. (7) is approximated by factoring the system

matrix into two or more parts. Instead of then solving one large
linear system as with a direct solver, a number of smaller linear
systems are solved in sequence for each time step. These schemes are
much more efficient in terms of memory requirements and execution
time per time step, although the factorization error can substantially
degrade the convergence rate and reduce stability as compared to a
direct solver. A factored or iterative scheme that offers direct solver
performance, although requiring substantially lower computational
requirements, would be highly desirable.

A number of factored and iterative solvers will now be pre-
sented including the standard two-pass solver, a modified two-
pass solver, and a Newton-relaxation solver. The Newton-relaxation
solver will be shown to be capable of quadratic convergence on
three-dimensional grids.

Two-Pass Factorization
Equation (8) can be approximately factored into the following

two steps:

(15)

= \Q*] (16)

where the L- and U- operators

• +At A^

where the first step solves a sparse block lower triangular system,
and the second step solves a sparse block upper triangular system.
Each of these systems can be solved by passing through the grid
and solving a 5 x 5 linear system at each grid point. These 5 x
5 systems are solved by LU factorization followed by back and
forward substitution.

Modified Two-Pass
A number of techniques have been advocated to replace the stan-

dard two-pass factorization, including those by Whitfield,4 and Yoon
and Kwak.14 As compared to the original two pass factorization, the
modified two pass due to Whitfield only requires one LU factoriza-
tion at each grid point resulting in a significant savings in CPU time.
An additional advantage of the modified two pass over the standard
two pass is a strengthened block diagonal.

Assuming (D"y. k)~l to be nonsingular, Eq. (8) can be written

where again

D»M = [(//At) + A" M - TI ̂  . k

This equation can then be factored in the same manner as the original
two-pass scheme to obtain

(18)

(19)

(20)
have been introduced to simplify the notation. This approximately
factored equation can then be solved in two steps given by

or

where

[Dn -

[Dn-Ln-][Q*] = -[

[Un-][AQn] = -[DnQ**]

KT1 = [AC"! - [fi*l

(21)

(22)

(23)

(24)

(25)

Newton- T -laxation
If Eq. 3) is solved by using the symmetric Gauss-Seidel method,

the first two sweeps would be

[D - Z/tfAe"]1 = -[Rn]

[D + U][&Qn]2 = -[Rn] +

(26)

(27)

where [Ag"]° has been taken to be zero. Here D, L, and U are the
diagonal, lower, and upper parts of the system matrix in Eq. (8),
respectively. Eliminating [L] from the backward sweep, the first
two sweeps of the symmetric Gauss-Seidel method becomes

(28)

(29)

which are the same as the two passes of the modified two-pass
scheme given by Eqs. (21) and (22). Thus, the modified two pass
can be thought of as either a factored scheme or a relaxation scheme.

As noted before when Ar -» oo Eq. (7) becomes

«
[Afi"l = -[

which can be viewed as Newton's method for the discretized steady
Euler equations where n now represents a Newton iterate instead
of the time step. Also, Whitfield4 has shown that Newton's method
can be used to arrive at the discretization given by Eq. (7). The
solution of the nonlinear system of equations given by Eq. (7) re-
quires the solutions to a sequence of linear systems for which the
symmetric Gauss-Seidel method can be used. The resulting compos-
ite method will be called the Newton-relaxation (NR) algorithm in
which Newton's method is the primary iteration, and the symmetric
Gauss-Seidel is the secondary iteration. When numerical Jacobians
are used the algorithm will be referred to as a discretized Newton-
relaxation (DNR) algorithm.

The system matrix structure of the NR and DNR algorithms may
be based on either the conventional loading (Fig. 1) or the diagonal
plane loading (Fig. 2). With a direct solver algorithm the diagonal
plane loading was shown to give a significant memory savings as
compared to the conventional loading. The advantage of the diag-
onal plane loading for the NR and DNR algorithms is in terms of
parallel processing. Using a Gauss-Seidel method to solve the lin-
ear system resulting from the conventional loading would involve
sweeping through the grid and computing a solution at each grid
point. This process is in serial because solving for the dependent
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variables at a given grid point makes use of the solution obtained
for the grid point immediately preceding it in the matrix ordering.
Now consider the same procedure for the diagonal plane loading.
Referring to the diagonal blocks in Fig. 2 it can be seen that the
solutions corresponding to the steps in a given block are not de-
pendent on the solution of the other steps in the same block. They
are only dependent on the solution obtained from the last step of
the preceding block. The steps in a given block may then be sent to
different CPUs and processed in parallel.

Boundary Conditions
The explicit boundary conditions used in this study are charac-

teristic variable boundary conditions. An implicit implementation
of the characteristic variable boundary conditions was developed
for iterative solvers. In addition to implicit characteristic variable
boundary conditions, the combination of an implicit zero pressure
gradient boundary condition on the solid surfaces along with implicit
far-field characteristic variable boundary conditions was used. De-
tails of these implicit characteristic variable boundary conditions
may be found in Vanden.15

Results
A comparison of convergence rates for the algorithms discussed in

the previous sections will now be presented. First, the performance
of a direct solver will be presented as .a baseline. Next, the perfor-
mance of the factored and iterative solvers will be demonstrated and

-1.5
Direct Solver with Numerical Jacobians and 2nd Order Roe
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Fig. 3 Comparison of second-order Roe solution and experimental
data for coarse grid.

Direct Solver with Numerical Jacobians and 2nd Order Roe
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Fig. 4 Comparison of second-order Roe solution and experimental
data for fine grid.

then compared to the direct solver results. Finally, the NR and DNR
algorithms with implicit boundary conditions will be shown to be
capable of quadratic convergence. As a measure of robustness, all
calculations are converged to machine zero.

These comparisons were performed on a wing geometry16 at tran-
sonic and supersonic speeds. A coarse 49 x 9 x 9 C grid and a finer
97 x 17x 17 C grid were used. The flight conditions for the results
presented here are for an angle of attack of 3.06 deg and freestream
Mach numbers of 0.84 and 1.5. Unless otherwise stated, the results
will be for the Mach 0.84 freestream condition and with the Roe
numerical fluxes. A comparison between second-order Roe and ex-
perimental data is given in Figs. 3 and 4 for the coarse and fine grids,
respectively. The Van Leer limiter was used for all second-order Roe
calculations.17

Direct Solver Performance
The conventional direct solver was run on the coarse grid for a

variety of Jacobian and numerical flux combinations. Not enough
memory was available to run it on the fine grid. In addition, ex-
plicit characteristic variable boundary conditions were used for all
of the direct solver results presented here because implicit conditions
would have increased the memory requirements. A popular numeri-
cal discretization in use today is the Roe numerical flux but with the
Steger-Warming analytical Jacobians. Although better performance
is expected with Roe Jacobians this combination is popular because
the Steger-Warming Jacobians are easier to obtain analytically. De-
termination of the analytical Roe Jacobians in a reasonable amount
of time would require the use of symbolic mathematics software, as
has been done by Barth,18 Orkwis,3 and Knight,19 for example. For
relatively simple algorithms, including the one in this study, obtain-
ing the analytical Jacobians may be the best approach. However,
there are many instances where numerical Jacobians may be use-
ful, perhaps when nondifferential turbulence models and chemistry
terms are present, as one reviewer suggested. It is, therefore, im-
portant to verify the robustness of numerical Jacobian evaluations
before their use is extended to more complicated algorithms. In this
study, the obtaining of quadratic convergence with numerical Jaco-
bians will be offered as evidence of their robustness. Although this
study looks at only Euler flows on relatively coarse grids, a related
study by Orkwis and Vanden20 showed that numerical Jacobians re-
tain their accuracy on much finer grids with large aspect ratio cells.
This study compared the accuracy of numerical and analytical Roe
Jacobians for some Mach 2.0-14.1 viscous flows using a conju-
gate gradient squared (COS) algorithm to solve the Navier-Stokes
equations.

Figure 5 shows the convergence rates of the the direct solver us-
ing both Steger-Warming and Roe Jacobians with second-order Roe
fluxes. Referring to Eq. (5) an e of 1 x 10~7 was used in the calcula-

Direct Solver with 2nd order Roe and Boundary Condition Modification

400 600 800
Iteration

1000 1200

Fig. 5 Direct solver convergence rates with numerical Roe Jacobians
and Steger-Warming analytical Jacobians.
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tion of the numerical Jacobians. This value was chosen based on the
machine accuracy of the Cray Y-MP. See Dennis and Schnabel10 for
a complete discussion. The increase in the CPU time due to the cal-
culation of numerical Jacobians compared to the Steger-Warming
analytical Jacobians was small compared to the overall CPU time per
iteration for the direct solver. However, the increase in convergence
performance when using the numerical Roe Jacobians is significant.

Iterative Solver Performance
The two-pass, modified two-pass, and the DNR iterative solvers

were also run on the coarse grid with explicit boundary conditions,
numerical Roe Jacobians, and second-order Roe fluxes, the results of
which are shown in Figs. 6 and 7. The DNR solver was run both two
and five cycles per iteration where a cycle is defined as a solution of
Eqs. (24) and (25). At a CFL number of 5 the modified two pass was
slightly slower in converging than the two-pass and DNR algorithms
(Fig. 6). As the CFL number was increased to 20, Fig. 7, the two
pass was unstable and would not run, and the modified two pass was
again out performed by the DNR algorithm. In terms of CPU time
the two-pass and modified two-pass solvers with explicit boundary
conditions took 0.433 and 0.426 s per iteration, respectively. The
modified two-pass will be more of a savings over the standard two-
pass on much bigger problems because, as mentioned before, it
only needs one LU decomposition at each grid point per iteration.
The currently used 49 x 9 x 9 grid is too small to show a significant
savings between the two pass and modified two pass in terms of CPU
time per iteration. In comparison, the DNR algorithm with two and
five cycles took 0.572 and 0.833 s per iteration, respectively.

Comparison of Iterative and Direct Solvers
The question remains as to whether any of these iterative solvers

approach or equal the convergence performance of a direct solver.

Iterative Solver Performance for CFL=5 using 2nd Order Roe

Direct Solver Versus DNR Solver using 2nd Order Roe

I -5

Coarse Grid

Numerical Roe Jacobians

'MTP'
DNR-2'
DNR-5'

0 100 200 300 400 500 600
Iteration

Fig. 6 Convergence rate of two-pass, modified two-pass, DNR with two
cycles, and DNR with five cycles for CFL = 5.

Iterative Solver Performance for CFL=20 using 2nd Order Roe

^ -2
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I

Coarse Grid

Numerical Roe Jacobians

Two—Pass Was Unstable

'MTP'
'DNR-2'
'DNR-5'

200 300 400
Iteration

Fig. 7 Convergence rate of two-pass, modified two-pass, DNR with two
cycles, and DNR with five cycles for CFL = 20.
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Fig. 8 Convergence rate of direct solver, DNR solver with two cycles,
and DNR with 10 cycles for CFL = 10.
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Direct Solver Versus DNR Solver using 2nd Order Roe
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Numerical Roe Jacobians

Direct'
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Fig. 9 Convergence rate of direct solver, DNR solver with two cycles,
and DNR with 10 cycles for CFL = 50.

As far as computational efficiency is concerned, the iterative solvers
were significantly more efficient than the direct solver. For the coarse
grid the direct solver required 6.7 x 106 words of memory and 6100
CPU s for 300 iterations whereas the DNR solver with 10 cycles
per iteration only required 1.9 x 106 words of memory and ap-
proximately 420 CPU s. Figures 8 and 9 show the convergence
performance of the DNR algorithm vs the direct solver for CFL
numbers of 10 and 50, respectively, where it can be seen that the
DNR algorithm with 10 cycles per iteration has the same conver-
gence rate as the direct solver for both CFL numbers. Thus, direct
solver performance can be obtained with an iterative algorithm at
a fraction of the computational cost. This motivates one to wonder
whether the DNR algorithm, with implicit boundary conditions, can
achieve quadratic convergence.

Quadratic Convergence
The DNR and NR algorithms were able to achieve quadratic

convergence with implicit characteristic variable far-field bound-
ary conditions and an implicit zero pressure gradient bound-
ary condition for the wing surface. In addition, the use of an
implicit zero pressure gradient condition for the wing surface
along with zeroth-order extrapolated implicit far-field boundary
conditions also allowed the DNR and NR algorithms to converge
quadratically. All of the quadratic convergence results are using
first-order fluxes. The choice of € in the calculation of the numerical
derivatives was kept constant at 1.0 x 10~7. It was noted in Eq. (13)
that, in general, it is required that the € value be sequenced to ap-
proach zero for a discretized Newton method to achieve quadratic
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Table \ CPU seconds required to reach machine zero with
______________DNR algorithm______________

CPU time for convergence

Cycles per iteration Seconds per iteration Total CPU seconds

Quadratic Convergence of DNR with 1st Order Roe

5
10
20
40
60
154

0.89
1.42
2.47
4.58
6.68
15.60

23.39
18.46
19.76
27.48
40.48
93.60

Quadratic Convergence of DNR with 1st Order Roe

Coarse Grid

Numerical Roe Jacobians

DNR-150'
'DNR-60'
'DNR-40'
'DNR-20'
'DNR-10'

'DNR-5'

15 20
Iteration

Fig. 10 Convergence of DNR algorithm with implicit characteris-
tic varibale boundary conditions and first-order Roe with numerical
Jacobians.

Convergence with Numerical and Analytical Jacobians
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Fig. 11 Convergence of NR algorithm with analytic Jacobians and
DNR algorithm with numerical Jacobians using first-order flux vector
and 150 cycles.

convergence. It was found that no such sequencing was needed to
achieve quadratic convergence for the Euler calculations given in
this study. Quadratic convergence using a second-order numerical
flux is not possible with Eq. (7) because of the first-order spatial
discretizations on the left-hand side.

Figure 10 shows the convergence rate for the DNR algorithm us-
ing first-order Roe fluxes, implicit characteristic variable far-field
boundary conditions, and implicit zero pressure gradient for the
wing surface. The quadratic convergence was obtained by running
150 cycles of the DNR algorithm per iteration. The time step for
all cells was kept at a constant 7000 for the first three iterations
and then increased to 1.0 x 10" resulting in quadratic convergence.
Recall that before it was noted that as Ar ->• oo the discretized
unsteady Euler equation is the same as a Newton's method for the
steady Euler equations. Table 1 gives the number of CPU seconds
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•g -'
2 -8o3 -,

-io
-11

l-i

-12

Fine Grid

Numerical Roe Jacobians

10 15 20
Iteration

25 30

Fig. 12 Convergence of DNR algorithm with subsonic implicit charac-
teristic varibale boundary conditions and first-order Roe with numeri-
cal Jacobians.

Quadratic Convergence of DNR with 1st Order Roe
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Fig. 13 Convergence of DNR algorithm with supersonic implicit char-
acteristic varibale boundary conditions and first-order Roe with numer-
ical Jacobians.

per iteration for the results compared in Fig. 10 and the CPU time
that is required for the solution to converge to machine zero for
each of these cases. Note that the DNR algorithm with 10 cycles per
iteration was the best performer with the quadratic run taking ap-
proximately 500% longer. As with the direct solver results, the extra
time needed to calculate the numerical Jacobians compared to using
Steger-Warming analytical Jacobians is small compared to the total
CPU time for the best performing case of the DNR algorithm with
10 cycles. Figure 11 compares the convergence performance of the
NR vs the DNR algorithms with 150 cycles per iteration using first-
order Steger-Warming fluxes and Jacobians. There is little difference
between the convergence rates with either the Steger-Warming ana-
lytical Jacobians or Steger-Warming numerical Jacobians. This in-
dicates that the method used for forming the numerical Jacobians is
satisfactory.

It was also possible to obtain quadratic convergence for the
97 x 17 x 17 fine grid which is illustrated in Fig. 12. It was found
that to achieve quadratic convergence a few more iterations had to
be run before setting AT to 1.0 x 10". For the first seven iterations
AT was kept constant at 5000 for each computational cell. When
this value was held for only the first four iterations quadratic con-
vergence did not occur, but the convergence to machine zero took
approximately the same number of iterations. Figure 13 shows the
quadratic convergence of the DNR algorithm for a freestream Mach
number of 1.50 and an angle of attack of 3.06 deg. Here, supersonic
characteristic variable far-field boundary conditions were used. Un-
til iteration number 5, AT was kept constant at 8000 at which time
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it was increased to 1.0 x 10". Only 80 cycles per iteration were re-
quired to obtain quadratic convergence compared to 150 cycles with
the subsonic implicit characteristic variable boundary conditions.

Conclusions
A discretization has been developed for first- and second-order

spatially accurate solutions of the three-dimensional Euler equa-
tions. The advantage of this discretization is that the Jacobian terms
are computed numerically to remain consistent with the numeri-
cal flux vector. Complex derivations of analytical Jacobians using
symbolic mathematics software is not needed. The increased conver-
gence rate with Jacobians that are consistent with the numerical flux
far outweighs the extra CPU time needed to calculate the derivatives.

A two-pass factorization, modified two-pass factorization, NR,
and DNR algorithms were compared, with the best performer being
the DNR and NR algorithms. The DNR algorithm then was com-
pared to the direct solver where it was observed that the Newton-
relaxation approach can provide direct solver performance although
needing only a fraction of the memory and CPU time.

When run with implicit boundary conditions the NR and DNR al-
gorithms were found to be capable of quadratic convergence, with-
out the need to sequence the perturbation used in the numerical
differentiation. However, the overall best convergence performance
vs CPU time was found to be when the DNR and NR algorithms
were run with significantly less cycles per iteration than required
for quadratic convergence. Although not the most efficient means
of convergence, three-dimensional quadratic convergence demon-
strates the robustness of the NR and DNR algorithms.
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